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ABSTRACT

In this paper, the Harmonic mean and Contra-harmonic mean of two endpoints [a,b] are applied at the derivative of the
error term in the existing CNC formulas. This modified error term is included as an additional function to the existing formula.
The new error terms are derived using the method of precision for the proposed formulas. Comparisons are made between the
existing CNC formulas and the proposed CNC formulas by using numerical examples. The proposed Harmonic mean derivate-
based (HMD) and the Contra-harmonic mean derivative-based (CHMD). CNC formulas give better results for definite integrals.
Another two of its statistical means are discussed and derived for the existing CNC formulas in the subsequent paper.

Keywords- Harmonic mean derivate-based (HMD), Contra-harmonic mean derivative-based (CHMD)

I.  INTRODUCTION

The research on derivative-based CNC formulas
is continuously increasing. In the previous work, the
researchers applied the midpoint or arithmetic mean of
endpoints at the derivative of the error term to improve
the accuracy of the existing CNC formulas. As a new
approach, various statistical means are applied at the error
term derivative of the first four CNC formulas. This new
method increases a single order of precision over the
existing CNC formulas and is used to approximate the
definite integral with better accuracy. The previous
chapter applies the geometric mean and Heronian mean
of end points at the error term derivative of CNC
formulas. The proposed formulas also give better results.
In this paper, the Harmonic mean and Contra-harmonic
mean of two endpoints [a,b] are applied at the derivative
of the error term in the existing CNC formulas.
This modified error term is included as an additional
function to the existing formula. The new error terms are
derived using the method of precision for the
proposed formulas. Comparisons are made between the
existing CNC formulas and the proposed CNC formulas
by using numerical examples. The proposed Harmonic

mean derivate-based (HMD) and the Contra-harmonic
mean derivative-based (CHMD) CNC formulas give
better results for definite integrals. Another two of its
statistical means are discussed and derived for the existing
CNC formulas in the subsequent paper.

I. METHODOLOGY

In this paper, Harmonic mean and Contra-
harmonic mean of end points [a,b] are applied in the
derivative of error term in the first four CNC formulas to
obtain the HMD and CHMD based CNC formulas.

The Harmonic mean derivative-based closed Newton-
Cotes quadrature (HMD-CNC) formulas are
Trapezoidal formula:

2 F0dx ~ 20 (Fla) + Fb)) - 2 @ (222)
(1.1)
Simpson's 1/3 formula:

[P Fdx = Z2[f (@) + 4f (S2) + £(b)] -
Sl (C5) 12
Simpson's 3/8" formula:
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fabf(x)dx ~ 2@ [f(a) +3f (2a+b) .y (a+2b) +
)] -2 0 (23). (L3)

6480 a+b
Boole's formula:

o fGdx ~ 225 |75 (@) + 321 (*7) +
12f (a+b) 32f (a+3b) + 7f(b)] (b-a)? f(6) (ﬂ)'

1935360 a+b
(1.4)

The Contra-harmonic mean derivative-based
closed Newton-Cotes quadrature (CHMD-CNC)
formulas are
Trapezoidal formula:

[7 Feodx = Z2 (@) + F(0)) - L ) (L2,
as)’

Simpson's 1/3rd formula

[} F)dx ~ =2 [f (@) + 4f (%) + £(B)] -
oo o (£ (L9)

Slmpson s 3/8" formula:
f f(x)dx = ;a [f(a) +3f (2a+b) 3f (a+2b)
o] - e @), g

6480 a+b
Boole's formula:

[} F)dx ~ 22 [7f (@) + 32f (222) +

12f (a+b) 32f (a+3b) + 7f(b)] - 1:35‘;)60]((6) (az.:lb:)’
(L)

I11. HMD-CNC FORMULAS

A new method of evaluation of Harmonic mean
derivative-based CNC formulas is derived to evaluate
definite integral. In the HMD-CNC formulas, the
Harmonic mean of end points is applied in the error term
derivative of Trapezoidal formula, Simpson’s 1/3™
formula, Simpson's 3/8" formula and Boole's formula.
The Harmonic mean derivative is zero in this method if
either a=0 or b=0.

Theorem 1.1
Closed Trapezoidal formula using Harmonic mean
derivative is

b—a
[ reax =22 @+ ro)
) G-

The precision of this method is 2.

Proof:

For f(x) =x?

The exact value of fb dezl(b3—a3); 1) =
(a2 4 b?2) 2 = Lppt ),

It indicates that the solutlon is exact. Thus, the
precision of the closed Trapezoidal formula with
Contra-harmonic mean derivative is 2 whereas the
precision of the existing Trapezoidal formula is 1.

Theorem 1.2
Closed Simpson's 1/3® formula with
Harmonic mean derivative is

[y fOOdx ~ =2 [f(@) + 4f () + F(B)] -
(b-a)® F®(Vab),

2880
The precision of this method is 4.

Proof:

For f(x) = x* The exact value of fb x*dx =
Y05 —a%); (12) = -2 et 44 (22)’ +b4] -
24(b-a)®

f (b° - a®).

It |nd|cates that the solution is exact. Thus, the
precision of the closed Simpson’s 1/3 formula with
Contra-harmonic mean derivative is 4 whereas the
precision of the existing Simpson's 1/3" formula is 3.
Theorem 1.3

Closed Simpson's 3/8™ formula with Harmonic
mean derivative is

f fx)dx ~ — [f(a) +3f (2a+b) +3f (a+2b) 4
fb)] - &2 f(4) (2,

6480 a+b
The precision of this method is 4.

Proof:

2880

For f(x) = x* The exact value of fb tdx =

b—a 2a+b
= ——|a*+3 ( ) +
a+2b\* 24(b-a)®
3( 3 ) + b4] B 2480) = Ef(bs - as)_

It indicates that the solution is exact. Thus, the
precision of the closed Simpson’s 3/8" formula with
Contra-harmonic mean derivative is 4 whereas the
precision of the existing Simpson's 3/8" formula is 3.
Theorem 1.4

Closed Boole's formula with Harmonic mean

derivative is
fbf(x)dx = [7f( ) + 32f (3a+b) +12f (a+b)
)+ 7f(b)] oo ps) (200)

a+3b
32 (
f 1935360 a+b

The precision of this method is 6.
Proof:

For f(x) = x° The exact value of fbx6dx = l(b7 -
a); (Lay= — (=2 )[7 6+32(3‘””) +12 (‘””) +

6
32 (a+3b) + 7b6] 720(b a)’
4 1935360

s0° —a%); (L)

= f(b7 - a").

It indicates that the solution is exact. Thus, the
precision of the closed Boole’s formula with Contra-
harmonic mean derivative is 6 whereas the precision of
the existing Boole's formula is 5.
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IV. THE ERROR TERMS OF HMD-CNC
FORMULAS

The error of approximation for the method based
on the precision of a quadrature formula is obtained by
using the difference between the quadrature formula for

the monomial

" and  the  exact result
(p+1)!
f xP*1dx where p is the precision of the

(p+1)'
quadrature formula.
Theorem 1.5

Harmonic mean  derivative-based  closed
Trapezoidal formula with the error term is

[ FGdx ~ 22 (f(a) + f()) — 2 p@ (222
z(f(a?b) F@E. (1.9)

where £ € (a, b). This is the fourth order accurate with the
error term

b—
Elf] = - 200 p0)e).
Proof:
The exact value of 1fb x3dx = i(b" —a®);
By using (1.1) = 12(a+b) ((B*+a®)(a+b)—(b—
a)?(2ab))
Hence,
Eolf] = — 5 (b* — a®) = s ((0F + a¥)(a +b) —
b—a)5
2(b - a)*ab) = - 2(4(a?b)
Hence, the error term is
b
Bylf] = — -2 pp).
Theorem 1.6

Harmonic mean derivative-based closed
Simpson's 1/3rd formula with the error term is

[} Fdx ~ 22 [f (@) + 4f (“2) + £(B)] -
G pio (Zab)— COSFO®. (110

2880 a+b 5760(a+b)
where & € (a, b). This is the sixth order accurate with the

error term

b
Eyolf] = = o FO6).
Proof:
The exact value of fb Sdx = —(b6 — a®);

By using (1.2 5760(a+b) ((8b° + (a+ b)° +

8b°%)(a + b) — 4(b — a)*ab),

Hence,
6 _ g6 5 54
Eolf] = a(b ) — 5760(a+b) ((8b> + (a+b)* +
5 _ _ 4 _ (b—a)
8b°)(a + b) —4(b — a)*ab) = 760(a1D)

Hence, the error term is

_ (b—- a) (6)
Evolf] = ~ g aery f O ©).
Theorem 1.7

Harmonic mean derivative-based closed
Simpson's 3/8" formula with the error term is

f;f(x)dx =~ [f(a) + 3f (2a+b) f(a+2b)
f(b)] (b-a)" f(4) (Zab) _ 0= £(6) (), (3.11)

6480 a+b 12960(a+b)
Where € € (a, b). This is the sixth order accurate with the
error term

(b a) (6)

Enlf] = = ooy [ € ©.
Proof:

The exact value of lfbxsdx =1 (b — ab);

720

By using (1.3) = ((81b° + (2a + b)® + (a +

12960(a+b)
2b)° + 81b%)(a + b) — 24(b — a)*ab)
Hence,
Ell[f] = ;O(bé - a6) - m((81b5 + (2(1 +
b)5 + (a + 2b)° + 81b%)(a + b) — 24(b — a)*ab) =
(b-a)”

12960(a-+b)’
Hence, the error term is
Enlf] = — 5o O ().
Theorem 1.8

Harmonic mean derivative-based closed Boole's
formula with the error term is

I et e 1 327 (52) 127 ()
32f (2 4 77 ()] - L0 o (242)

1935360 a+b
-a)°

_Wma”  £(8)
3870720(a+b) ). (8.12)

where ¢ € (a, b). This is the eighth order accurate with the
error term

__ (-a) ®)
Ep[f]= 3870720(a+b)f .
Proof:
The exact value of = [ x7dx = —— (b® —
7!7a 40320
a®);

By using (1.4) = =-— 2 (97a” +91a®b +
105a°b? + 91a*b® + 91a®b* + 105a%b> 4+ 91ab® +
97ab”)(a + b) — 4(b — a)®ab),

Hence,

ELlf] = 40320( b —ab) = e 2 (97a” + 91ab +
105a®b? + 91a*b® + 91a3b* + 105a?b5 + 91ab® +

7 — 4(b — a)® Gl
97ab”)(a + b) — 4(b — a)®ab), 3870720(a1D)
Therefore, the error term is

Elf] = ——22" @) g),

3870720(a+b)

V. CHMD-CNC FORMULAS

In this section, Contra-harmonic mean
derivative-based closed Newton cotes quadrature formula
is derived by using the Contra-harmonic mean value of
the terminal points [a, b] at the derivative of Trapezoidal
formula, Simpson's 1/3" formula, Simpson's 3/8" formula
and Boole's formula for the valuation of a
definite integral.
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Theorem 1.9
Closed Trapezoidal formula using Contra-
harmonic mean derivative is
b . b;a (b a) @ (& +b
[P f@dx =~ Z21f (@) + )] - L p@ (22,

The precision of this method is 2.
Proof:

For f(x) = x? The exact value of f” 20y =
§(b3 -a*);(1.5)= — (b_T“) (a% — b?) — 2(b a)
%(b3 —ad).

It indicates that the solution is exact. Thus, the
precision of the closed Trapezoidal formula with Contra-
harmonic mean derivative is 2 whereas the precision of
the existing Trapezoidal formula is 1.

Theorem 1.10

Closed Simpson's 1/3"“formula with Contra-

harmonic mean derivative is

[} Fdx ~ =2 [f(a) + 4f () + F(b)] -
(b-a)’ f(4) (a +b )'

2880 a+b
The precision of this method is 4.

Proof:
For f(x) = x* The exact value of ff x*dx =

L5 - a%); (16)= (29) [a ra(22) 4 b‘*] -
24(b a) (bs 5).

2880

It mdicates that the solution is exact. Thus, the
precision of the closed Simpson’s 1/3" formula with
Contra-harmonic mean derivative is 4 whereas
the precision of the existing Simpson's 1/3" formula is 3.
Theorem 1.11
Closed Simpson's 3/8™ formula with Contra-harmonic
mean derivative is

fabf(x)dx ~ D@ [f(a) +3f (2a+b) +3f (a+2b) 4
f@]“”fWC”)

6480 a+b
The precision of this method is 4.

Proof:

For f(x) =x* The exact value of f; x*dx =
1 2a+b
25 - a%); (1L7)= (£° )[ t3(Z ) +
5
2(45) | -2 =100 e

6480

It indicates that the solutlon is exact. Thus, the
precision of the closed Simpson’s 3/8" formula with
Contra-harmonic mean derivative is 4 whereas the
precision of the existing Simpson's 3/8" formula is 3.
Theorem 1.12

Closed Boole's formula with Contra-harmonic
mean derivative is

2 fdx ~ 22 [7f(a) + 32f (3‘””) +12f (‘””)
32f (a+3b) + 7f( )] _ (- a)’ f(ﬁ) (a +b? )’

1935360 a+b
The precision of this method is 6.

Proof:
For f(x)= x6 The exact value of fb x0dx =

é(zﬂ —a’); (1.8):> [7a +32 (3““’) +

a+b a+3b 720(b-a)’ _ 1.7
12f( ) + 32( ) +7b ] 1935360 7 (b
a’).

It indicates that the solution is exact. Thus, the
precision of the closed Boole's formula with Contra-
harmonic mean derivative is 6 whereas the precision of
the existing Boole's formula is 5.

VI. THE ERROR TERMS OF CHMD-
CNC FORMULAS

In this section, the error term for the CHMD-
CNC formula is derived by using the remainder between

+1
the quadrature formula for the monomial L) and the

exact result —f xP*1 dx where p is the precision of
the quadrature formula
Theorem 1.13

Contra-harmonic mean derivative-based closed
Trapezoidal formula with the error term is

[} fdx = b;“(f(a) +f(b)) - (” a> b9 £(2) (a +b? )+
OO e, (119)

a+b
24(a+b)
where € € (a, b). This is the fourth order accurate with the
error term

E13[f] =

Proof:

(b-a)®
" 24(a+b)

i FO©).

The exact value of 1fb x3dx = i L (" —a");
va

a?+b
By using (3.5) = —<b3 a’—(b- )2( a+b )>
Hence,

Eislf] = - (0" — a®) - 3Q(w+a ~(b-

5 (a%+b __ (-a)®
a) ( a+b )) T 24(a+b)
Therefore, the error term is

b—
Byalf] = = 2200 ).
Theorem 1.14
Contra-harmonic mean derivative-based closed

Simpson's 1/3"formula with the error term is
[2 Feodx ~ 22 [f @) + 4f (S2) + (b)) -
O pio) (L220) - S0 £ 0(6). (1.14)

2880 a+b 5760(a+b)
where £ € (a, b). This is the fourth order accurate with the
error term
-y’

Eulf] = ~ gy fO©).
Proof:

—(bS — a®);

1 ¢b
The exact value of = [~ x°dx =
5!7a 720
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5!.48

<8a + (a + b)> +8b°5—2(b —

o <::§:2>)
Hence,

Enlf]l = ——(b6—a

720

— ok — ) (EPA ) = "

2(b )( )>_ 5760(a+b)’
Hence, the error term is

(b-a)”
Enlfl = - g FO @
Theorem 1.15
Contra-harmonic mean derivative-based closed

Simpson's 3/8th formula with the error term is
f;f(x)dx ~— [f(a) + 3f (Za+b) + 3f (a+2b) N
f(b)] _ (b-a)’ f(4) (a +b? ) I a)’ f(6)(€) (115)

6480 a+b 12960(a+b)
where £ € (a, b). This is the fourth order accurate with the
error term

(b a)’ (6)
Eislfl= T 12960(a+b) Toeoarny) &)
Proof:
The exact value of = [” x5dx = —— (b6 — a®);
5!7a 720

<8a + (a+b)° +

5!.48

By using (1.7)

b-a 5 5
s (81(1 + (2a+b)>+ (a+

+b

2b)S + 81b% — 12(b — a)* (“ b ))

Hence,
Eys[fl = —— (b% —a®) —

720

o (81@®+ (2a+b)* + (a+ 2b)° +81b°
e e )

5!.648

(b-a)”
12960(a+b)’
Hence, the error term is

(r-a)’
Eislfl= " 12960(a+b)

Theorem 3.16
Contra-harmonic mean derivative-based closed
Boole's formula with the error term is

J2 Feodx ~ S8 [77(@ + 327 (252) + 127 (45) +

Seea [ O ©).

3b b b
527 (52) 7)) - 22070 (422) o
O PIC))
3870720(a+b)f () (3.16)

where £ € (a, b). This is the fourth order accurate with the
error term

_ (b—a)9 (8)
Eylf] = 3870720(a+b)f .
Proof:
The exact value of = [°x7dx = (b® —
7!'7a 40320
a®);
By using (1.8) =

b-a_ 97a” +91a®b + 105a°h? + 91a*h® + 91a3b*

71748\ +105a2b5 + 91ab® + 97ab” — 2(b — a)* (“ +b* )
a+b

Hence,

Eslf] = —go(bG —a®) —

b-a_ 97a’ +91a®b + 105a°h? + 91a*h® + 91a3b*

71648 \ +105a2b5 + 91ab® + 97ab” — 2(b — a)* (“ +b* )
a+b

__ -°
= 3870720(a+h)’
Therefore, the error term is
__ -’ (®)
Eylf1= 3870720(a+b)f .

Vil. SUMMARY

The summary of precision, the orders and the
error terms of Harmonic mean and Contra-harmonic mean
derivative-based CNC formulas are presented in Table
1.1.

Table 1.1: The Error terms of HMD and CHMD based CNC formulas

Formulas HMD-CNC CHMD-CNC
Precision Order Error terms Precision Order Error terms
Trapezoidal 2 5 Z(Z(a +)b) FOE) 2 5 2(:(;)})) F@©)
Smllﬁ);gn‘s ! ! —57(20(21))]“(6)(5) ¢ ! 57(:0(Z)+b)f(6) ©
Sim3§)851(3n's ‘ ! _12;?302%)]((6)(6) 4 ! 12(9208+b)f(6)(§)
Boole's 6 9 _#Z();b)f(s)(f) 6 9 %f(s)(a
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Table 3.1 indicate that the proposed HMD and
CHMD based CNC formulas increase a single order of
precision than the existing CNC formulas.
1.8 Numerical examples

To compare the efficiency of the existing CNC
formulas and the HMD and CHMD based CNC
formulas.

Table 1.2: Comparison of CNC and HM

Example 1.1
Solve flz e*dx and compare the solutions with

the CNC and HMD-CNC formulas.
Solution:

The exact value of [ e*dx = 4.67077427

D-CNC formulas - Example 1.1

Formulas CNC HMD-CNC
Approximate Error Approximate Value Error
Value
Trapezoidal 5.053668964 0.382894694 4.737529973 0.066755703
Simpson's 1/3" 4.672349035 0.001574765 4.671031784 0.000257519
Simpson's 3/8t" 4671476470 0.000702200 4.670891027 0.000116757
Boole's 4.670776607 0.000002337 4.670774647 0.000000371
Example 1.2 Solution:
Solve ff %and compare the solutions with the The exact value of flz 1‘% = 0.405465108
CNC and HMD-CNC formulas.
Table 1.3: Comparison of CNC and HMD-CNC formulas - Example 1.2
Formulas CNC HMD-CNC
Approximate Error Approximate Value Error
Value
Trapezoidal 0.416666667 0.011201559 0.403547132 0.001917976
Simpson's 1/3" 0.405555556 0.000090448 0.405435069 0.000030039
Simpson's 3/8t" 0.405505952 0.000040844 0.405452402 0.000012706
Boole's 0.405465768 0.000000660 0.405464780 0.000000328
Example 1.3 Solution:

Solve f01 3*and compare the answers with the
CNC and CHMD-CNC formulas.

The exact value of [ 3* =1.820478453.

Table 1.4: Comparison of CNC and CHMD-CNC formulas — Example 1.3

Formulas CNC CHMD-CNC
Approximate Error Approximate Value Error
Value
Trapezoidal 2.000000000 0.179521547 1.698262760 0.122215693
Simpson's 1/3" 1.821367205 0.000888752 1.819849782 0.000628671
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Simpson's 3/8t" 1.820875023 0.000396570 1.820200613 0.000277840
Boole's 1.820480044 0.000001591 1.820477319 0.000001134
Example 1.4 Solution:

Solve | 12 e*dx and compare the answers with the

CNC and CHMD-CNC formulas.

Table 1.5: Comparison of CNC and CHMD-CNC formulas - Example 1.4

The exact value of [ e*dx =4.67077427.

Formulas CNC CHMD-CNC
Approximate Value Error Approximate Value Error
Trapezoidal 5.053668964 0.382894694 4.612461460 0.058312810
Simpson's 1/3" 4.672349035 0.001574765 4.670510670 0.000263600
Simpson's 3/8!" 4.671476470 0.000702200 4.670659419 0.000114851
Boole's 4.670776607 0.000002337 4.670773871 0.000000399

VIIl. CONCLUSION

In this chapter, Harmonic mean and Contra-
harmonic mean derivative-based CNC formulas are
derived for the evaluation of the definite integral with
accurate results. The new error terms are also derived by
using the difference between the exact result and the
approximate solution. Numerical examples are also
demonstrated for the accuracy of the proposed formulas.
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